This paper is an attempt to provide a partial answer to the following question put forward by Bernhard H. Neumann in 2000: "Let G be a finite group of order g and assume that however a set M of m elements and a set N of n elements of the group is chosen, at least one element of M commutes with at least one element of N. What relations between g, m, n guarantee that G is Abelian?" We find an exponential function f(m, n) such that every such group G is Abelian whenever IGI > f(m, n) and this function can be taken to be polynomial if G is not soluble. We give an upper bound in terms of m and n for the solubility length of G, if G is soluble.
INTRODUCTION AND RESULTS
This paper is an attempt to provide a partial answer to the following question put forward by Bernhard H. Neumann in [10] : "Let G be a finite group of order g and assume that however a set M of m elements and a set N of n elements of the group is chosen, at least one element of M commutes with at least one element of N (call this condition Comm(m, n». What relations between g, m, n guarantee that G is Abelian?" Following Neumann, for given positive integers m and n we say that a group G satisfies the condition Comm(m, n) if and only if for every two subsets M and N of cardinalities m and n respectively, there are elements x E M and yEN such that xy = yx.
We note that an infinite group G satisfying the condition Comm(m, n) for some m and n is Abelian. This is because every infinite subset of such group contains two commuting elements. Thus by a famous Theorem of Neumann [9] , it is centre-by-finite.
Therefore Z(G), the centre of G is infinite. Now let M and N be two subsets of Z(G), of sizes m and n respectively. Then for any two elements x and y of G, there are elements Zl E M and Z2 E N such that XZlYZ2 = YZ2XZl, so that xy = yx; namely G is [2] Abelian. Therefore in considering non-Abelian groups satisfying Comm(m, n) we need only consider finite cases.
We use the usual notations: for example GG(a) is the centraliser of an element a in a group G, 8n is the symmetric group on n letters, An is the alternating group on n letters, D 2n is the dihedral group of order 2n, Qs is the quaternion group of order 8 and T will stand for the group (x,y I x
Throughout G will denote a finite non-Abelian group unless otherwise is stated. We shall show that a C(m, n)-group has order bounded by a function of m and n which may not always be chosen to be a polynomial function in terms of m and n. Our main results are THEOREM 1.1.
Let G be a C(m, n)-group. Then IGI is bounded by a function ofm and n.
The solubility length of a soluble C(m, n)-group is bounded above in terms of m and n. In fact we prove the following.
We also obtain a solubility criterion for C(m, n)-groups in terms of m and n, namely THEOREM 1.3. 
Let G be a C(m, n)-group

A PARTIAL ANSWER TO NEUMANN'S QUESTION
A subset of a non-Abelian group G no two of whose distinct elements commute is called non-commuting.
A non-commuting subset of maximal size is called a maximal non-commuting set and this maximal size will be denoted by w (G) . In this section we give a partial answer to Neumann's question by proving that a C(m, n)-group has the order bounded by a function of m and n. 
PROOF: Suppose, for a contradiction, that m + n < 6. We distinguish two cases: CASE 2: n = 2. Since G is non-Abelian, there exists an element a in G \ Z(G) such that a 2 =I 1; for let g2 = 1 for all 9 E G\Z(G). Then (gZ)2 = 1 for all Z E Z(G) and
E G\Z(G).
It follows that 1 = g2z2 = Z2 and so we have z2 = 1 for all z E Z(G).
Hence g2 = 1 for all 9 E G which implies that G is Abelian, a contradiction.
Now since a =I a-I, it follows from Lemma 3.1 that We first prove that As is not a C(m, n)-group, where m + n ~58. Let Pl,"" P 5 , Ql' ... , Q10, Rb"" I4 be Sylow p-subgroups of As, for p = 2,3,5, respectively. It is easy to see that As is the union of these Sylow subgroups and no two distinct non-trivial elements of coprime orders in As commute (see (3] 
Ensuring commutativity of finite groups 127 THEOREM 3.5.
The alternating group As is the only non-Abelian finite simple C(m, n)-group, for some positive integers m and n such that m + n = 59.
PROOF: First we note that, since every centraliser of As has order at least 3, As is a C(I,58)-group. For uniqueness, suppose, on the contrary, that there exists a non-Abelian finite simple group not isomorphic to As and of least possible order which is a C(m, n)- []
GROUPSSATISFYING THE CONDITIONComm(m, n) FOR SOMESMALLPOSITIVE INTEGERSm ANDn
In this section we characterise C(m, n)-groups for some particular m and nand hence prove Theorem 1.4. First we need some preliminary lemmas. C(m, n) 
Thus there exist elements a, bEG such that (1) Let G be a C(m, n)-group. Then it is easy to see that G is not a
Therefore (aZ (G), bZ (G) ) is an elementary
C(t, IG \ CG(a) I)-grOUP, where a is any element of G with t :::;ICG(a) \ Z(G)/.
(2) If G is a C(m, n)-group, then for any two natural numbers m l and d such that m :::;m l and n :::; n / , G is also a C(m l , nl)-group. lal E {2,3}. In this case there exist elements a and b in G of order 2 and 3, respectively.
CASE 3(i). Suppose that there exists an element c in G \ (b) of order 3. Then from which it follows that IGI = 10, 12 or 14 so that G ~DlO, A4 or D14' The group D 14 has centraliser of order 7, and by Remark 4.5(1), it is not a G(4, 6)-group.
